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For rapidly flowing granular mixtures, existing kinetic-theory descriptions based on
an assumed form of the velocity distribution function typically contain one of two
simplifying assumptions: a Maxwellian velocity distribution or an equipartition of
energy. In the current work, the influence of non-equipartition effects is explored
in the context of two flow types: flow in which species segregation does not occur
(namely, simple shear flow) and a segregating flow. For the former case, a comparison
between existing kinetic theories and molecular-dynamics simulations of a binary
system indicates that the incorporation of a non-Maxwellian velocity distribution is
critical for reliable stress predictions, as is consistent with previous findings. However,
the predictions are fairly insensitive to the equipartition versus non-equipartition treat-
ment, despite the presence of a significant non-equipartition of energy. Nevertheless,
an analysis of the diffusion equation for a segregating flow indicates that the presence
of a non-equipartition of energy gives rise to additional components of the driving
forces associated with size segregation. These additional components involve gradients
of the species temperature, whereas theories based on an equipartition assumption
only involve gradients in the mixture temperature. Molecular-dynamics simulations of
the segregating flow, in conjunction with kinetic theory of binary systems, show that
the non-equipartition effects are non-negligible for systems characterized by moderate
values of mass differences and restitution coefficients. These simulations also reveal
that the more massive particle may exhibit a lower species temperature than its lighter
counterpart, contrary to previous observations in non-segregating systems. A physical
explanation for this behaviour is provided.

1. Introduction
Flows composed of solid particulates occur in a wide variety of industrial,

geophysical, and astrophysical systems, including solids mixers and hoppers, chute
flows, landslides, avalanches and planetary rings. The granular medium is often
composed of grains which differ in size and/or material density. Such particle non-
uniformity is expected to lead to a bulk flow behaviour which is different from that
for a medium composed of identical particles. In addition, a phenomenon unique
to particle mixtures (i.e. media composed of non-identical particles) may also occur,
namely the segregation of unlike particles. Although this segregation phenomenon
may be capitalized upon for applications in which a separation of unlike particles is
desired (e.g. mining), such segregation may prove detrimental for systems in which a
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uniform blend is desired (e.g. mixing of pharmaceutical powders). (For overviews of
mixing and segregation, see Savage 1987; Bridgwater 1994; Ottino & Khakhar 2000;
Rosato & Blackmore 2000).

In the current work, attention is paid to granular mixtures engaged in rapid flow,
which is characterized by nearly instantaneous interactions between particles (unlike
the slow-flow regime, which is typified by enduring contacts between particles). The
most sophisticated continuum models available to describe such flows are derived from
dense-gas kinetic theory, with a modification to account for the presence of inelastic
collisions between particles. (For reviews of kinetic-theory models, see Campbell
1990; Ernst 2000; Goldhirsch 2003) Generally speaking, the mixture models involve
the solution of a mass and momentum balance for each species i:

∂ρi

∂t
+ ∇ · (ρiui) = 0, (1)

ρi

(
∂ui

∂t
+ ui · ∇ui

)
= −∇ · ti + ni Fi + φi , (2)

where ρi , the mass density, is the product of the particle mass mi and number density
ni (note that ρi = ρpiνi =mini where ρpi is the material density of the particle and
νi is the volume fraction); ui is the mean velocity; ti is the stress tensor; Fi is the
external force; and φi is the momentum source due to collisions between unlike
particles. (The above set is often written in an equivalent form, in which a mixture
momentum balance is obtained by adding together N species balances, and N − 1
diffusion velocity balances for species i are obtained via algebraic manipulations of the
species momentum balances. See Jenkins & Mancini (1987) for details.) To obtain the
required constitutive relations for ti and φi , methods from the dense-gas kinetic theory
are employed (see, for example, Chapman & Cowling 1970). The resulting expressions
are found to depend on the species granular temperature Ti = mi〈C2

i 〉/3, where 〈C2
i 〉

represents the average of the squared peculiar (fluctuation relative to mass-average)
velocity. Accordingly, the solution of a granular energy balance for each species is
also required. (This set of equations can also be written in a mixture form, where the
mixture temperature T for a binary mixture is defined as T =(n1T1 + n2T2)/n.)

For rapidly flowing granular mixtures, numerous kinetic-theory models applicable
to general flow fields have been reported in the literature (Jenkins & Mancini 1987,
1989; Zamankhan 1995; Arnarson & Willits 1998; Willits & Arnarson 1999; Huilin,
Gidaspow & Manger 2001; Garzó & Dufty 2002; Rahaman, Naser & Witt 2003).
Generally speaking, two different approaches have been used in the development
of such theories. The first approach is based on an assumed form of the velocity
distribution function, whereas the second approach is based on a systematic expansion
about a zeroth-order solution to the conservation equation (e.g. via Chapman–Enskog
or Grad expansion). The latter approach does not involve an assumed form of the
distribution function. For mixtures, only the theory of Garzó & Dufty (2002) is based
on a systematic expansion about the solution. The starting point of their theory is the
Boltzmann equation, which restricts the application of the theory to dilute flows. On
the other hand, those theories based on an assumed form of the distribution function
(Jenkins & Mancini 1987, 1989; Zamankhan 1995; Arnarson & Willits 1998; Willits &
Arnarson 1999; Huilin et al. 2001; Rahaman et al. 2003) have been derived from
the Enskog equation, and thus can be applied to moderately dense systems as well.
Since the scope of the current work includes moderately dense systems, the ensuing
discussion is restricted to such theories.
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Single-particle Radial
velocity Energy distribution System

Reference distribution distribution function dimension

Jenkins & Mancini (1987) Maxwellian Non-equipartition SET 2 and 3
Jenkins & Mancini (1989) Non-Maxwellian Equipartition RET 3
Zamankhan (1995) Non-Maxwellian Equipartition RET 3
Arnarson & Willits (1998) Non-Maxwellian Equipartition RET 3
Willits & Arnarson (1999) Non-Maxwellian Equipartition RET 2
Huilin et al. (2001) Maxwellian Non-equipartition SET 3
Rahaman et al. (2003) Maxwellian Non-equipartition SET 3

Table 1. Overview of kinetic theory models for granular mixtures in a general flow field.
(All models are for binary mixtures except Zamankhan (1995).)

The differences between kinetic theories of mixtures (based on an assumed form
of the distribution function) can be traced to corresponding assumptions used in the
derivation process, as given in table 1. Specifically, the three basic differences are
(i) Maxwellian vs. non-Maxwellian single-particle velocity distribution, (ii) equiparti-
tion vs. non-equipartition of energy between unlike particles, and (iii) standard Enskog
(SET) theory vs. revised Enskog theory (RET) treatment of radial distribution
function at contact. The first two simplifying assumptions, namely a Maxwellian
velocity distribution and an equipartition of energy, are strictly true only for perfectly
elastic spheres in a uniform steady state (Chapman & Cowling 1970). Furthermore,
the Maxwellian assumption precludes any kinetic contribution to the shear stress
(Campbell 1990), thereby limiting the corresponding theory to collision-dominated (or
moderately dense) flows. With regard to the second difference, because the equiparti-
tion assumption provides an explicit relation between the species temperatures
(T1 = T2 = · · · = TN ), invoking it leads to a single-temperature theory in the mixture
temperature T ( = T1 = T2 = · · ·), as compared to the multi-temperature theory (i.e. a
separate equation for each Ti) required for systems without an equipartition of energy.
The third difference between existing theories concerns the point (along the line of
centres between particles) at which the radial distribution function is evaluated. Unlike
SET, the RET proposed by van Beijeren & Ernst (1973) is found to be consistent
with irreversible thermodynamics.

Based on the above discussion, the most complete theory for the rapid flow of
granular mixtures is one which employs RET and accounts for both a non-Maxwellian
distribution and a non-equipartition of energy. None of the existing theories falls
under this category (table 1), as incorporating all of these items adds non-trivial
complexity to the derivation and the final form of the constitutive relations. (Garzó &
Dufty (2002) developed a kinetic theory for a binary mixture which inherently allows
for both non-Maxwellian and non-equipartition effects. As mentioned above, however,
their theory is limited to dilute systems, whereas the scope of the current discussion
includes moderately dense systems.) Nevertheless, if the ultimate goal is to establish a
theory which gives predictions of reasonable accuracy without unnecessary complexity,
such a complete theory may or may not be necessary. To make such a determination,
the influence of these common assumptions on the predictive ability of kinetic-theory
models must be ascertained.

Several previous investigations provide insight into the impact of typical kinetic-
theory assumptions. Concerning the treatment of the single-particle velocity distri-
bution, a number of experimental, simulation and theoretical studies of monodisperse
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systems have indicated that a Maxwellian distribution is not strictly upheld (e.g.
Campbell 1990; Goldshtein & Shapiro 1995; Goldhirsch & Tan 1996; Esipov &
Pöschel 1997; van Noije & Ernst 1998; Brey, Cubero & Ruiz-Montero 1999; Losert et al.
1999; Kudrolli & Henry 2000). A gauge of the importance of this effect on kinetic-
theory predictions is given by Willits & Arnarson (1999). In particular, a comparison
of shear viscosities is given between the binary kinetic theories of Willits & Arnarson
(1999) and Jenkins & Mancini (1987) and simulations of perfectly elastic disks with a
diameter ratio of 1.25. Because the Jenkins & Mancini (1987) theory is first simplified
via an equipartition-of-energy assumption (which is valid for elastic disks), the sole
difference between the predictions is that the Jenkins & Mancini (1987) theory is based
on an assumption of a Maxwellian velocity distribution, and the Willits & Arnarson
(1999) theory accounts for a non-Maxwellian distribution. (See table 1. Also, the
mixture momentum flux is the same for SET and RET (van Beijeren & Ernst 1973),
and thus is not a source of differences in this comparison.) Over a range of overall
solids fractions from 0.05 to 0.4, the Willits & Arnarson (1999) theory displays very
good agreement with simulation values. The Jenkins & Mancini (1987) predictions are
significantly lower in value, however, since the Maxwellian assumption precludes the
kinetic contribution to the shear stress and simplifies the collisional contribution to
the stress. Hence, these results indicate that a non-Maxwellian velocity distribution is
critical for accurate predictions of the shear stress. With regard to the treatment of the
energy distribution, a wide range of experimental (Feitosa & Menon 2002; Wildman &
Parker 2002), simulation (Clelland & Hrenya 2002; Dahl, Clelland & Hrenya 2002;
Alam & Luding 2003; Paolotti et al. 2003), and theoretical (Garzó & Dufty 1999;
Barrat & Trizac 2002; Montanero & Garzó 2003) studies provide evidence that an
equipartition of energy does not exist, particularly for highly dissipative (inelastic)
systems in which the mass ratio of unlike particles is not near unity. Nonetheless,
a comparison (Clelland & Hrenya 2002) between Willits & Arnarson (1999) theory,
which does not account for a non-equipartition, and molecular-dynamics (MD)
simulations of inelastic particles show good agreement. In particular, over a wide
range of solids concentrations and diameter ratios, the shear and normal components
of the stress tensor are well predicted by the theory, despite temperature ratios as high
as 8 observed in the simulations. Such results may indicate that equipartition effects
have a small effect on kinetic-theory predictions, though the observed agreement may
also be fortuitous.

Collectively, these previous investigations indicate that a non-Maxwellian distri-
bution is necessary for reliable kinetic-theory predictions, whereas the need to account
for a non-equipartition of energy is less clear. The first part of the current work
is targeted at gaining a better understanding of the latter effects. In particular, the
Jenkins & Mancini (1987) theory is employed both with and without the equipartition
assumption to a simple shear-flow system, and comparisons are made to both MD
simulations and the Arnarson & Willits (1998) theory. (Although predictions from
the Jenkins & Mancini (1987) theory have appeared in the literature, all previous ap-
plications of the theory have incorporated the equipartition assumption.) The current
results indicate that the temperature ratio between unlike particles is well-predicted
by the non-equipartition theory of Jenkins & Mancini (1987). The corresponding
stress predictions, however, are only slightly better than those obtained when an
equipartition assumption is imposed, both of which are inferior to the non-Maxwellian
predictions of Arnarson & Willits (1998). Although these results appear to indicate
that a non-equipartition treatment adds unwarranted complexity to the model, an
analysis of a more complex flow field, which is undertaken as the second part of this
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effort, suggests otherwise. In particular, an examination of the governing equations for
a segregating system reveals that a non-equipartition of energy gives rise to additional
driving forces associated with size/density segregation. (Note that the simple shear
system included in the first part of the investigation does not display size segregation
owing to a zero temperature gradient.) The new driving forces involve gradients in
species temperature, whereas theories based on the equipartition assumption depend
only on gradients in mixture temperature. To assess the importance of this new
driving force, the results from MD simulations of binary mixtures in a segregating
flow field are compared to Jenkins & Mancini (1987) theory. The segregating system
is characterized by zero mean flow between two impenetrable boundaries of constant,
but unequal, granular temperatures. Results indicate that one of the non-equipartition
driving forces is of similar magnitude to the largest of equipartition driving forces
for systems with moderate values of mass differences and restitution coefficients.
Furthermore, unlike previous observations of non-equipartition, the more massive
species exhibits a smaller species temperature than the lighter species over small
regions of the domain. A physical rationale for this behaviour is presented.

2. Non-segregating flow system: simple shear flow
In the first portion of this work, an unbounded simple shear flow is considered.

Owing to the uniform velocity gradient, the granular temperatures and stress com-
ponents are constant throughout the domain. Also, owing to the uniformity of
the flow domain, particle segregation does not occur. (Transient inhomogeneities
in particle concentration, or clusters, were observed in the MD simulations, as has
been documented by several workers for simple shear flows of identical particles (e.g.
Hopkins & Louge, 1991; Tan & Goldhirsch 1997). The time-averaged concentration
of particles, however, did not vary across the simulation domain.)

2.1. Computational approach

Three-dimensional molecular-dynamics simulations are employed for binary mixtures
of frictionless spherical particles engaging in instantaneous collisions. (These assump-
tions are identical to those of the kinetic-theory models.) For a detailed description
of the computational algorithm, see Dahl et al. (2002).

The input parameters for each simulation include Lx, Ly and Lz, the length of the
simulation domain in the x, y and z directions; d1, the diameter of type 1 particles;
m1, the mass of a type 1 particle; d1/d2, the ratio of the diameters of the particle
types; ν1/ν2, the ratio of the solid-volume fractions of the particle types; ρp1/ρp2,
the ratio of the material densities of the particle types; ν, the total solids-volume
fraction; dux/dy, the shear rate (where u is the mass-average velocity of the mixture);
and e, the coefficient of restitution for all particle interactions. For all simulations,
the domain lengths are set equivalently (Lx = Ly =Lz) so that the simulation domain
is cubic and the characteristic dimension is hereby referred to as L.

The dimensionless parameters that describe the system include d1/d2, with values
examined between 1 and 4; ρp1/ρp2, with values between 0.1 and 5; ν1/ν2, with values
between 0.5 and 4; ν, with values of 0.1, 0.3 or 0.5; e, with values of either 0.8 or 0.95;
and L/d1, with values of either 8.9 or 4.45 (the latter value used for ν = 0.5, and the
special case ν = 0.3, ν1/ν2 = 0.5). The value of L/d1 was chosen so that the stresses
would not be sensitive to perturbations in L/d1 (for details, see Dahl et al. 2002). All
other parameters, namely dux/dy, L, and m1 were set equal to 1 for convenience.
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The outputs from the simulations include the stresses and granular temperatures.
The collection of stress components is described by Dahl et al. (2002). The mixture
granular temperature, is defined as

T =

N∑
j=1

1
3
mjC

2
j

N
, (3)

where Cj is the magnitude of the fluctuating particle velocity relative to the mass-
averaged velocity. The mean granular temperature is obtained by averaging 100 000
instantaneous measurements. Both the mixture granular temperature (T ) and the
granular temperature for each species (T1 and T2) are measured. Prior to reporting,
all stresses are made dimensionless via division by ρp1d

2
1 (dux/dy)2 and the granular

temperature is non-dimensionalized using the quantity ρp1d
5
1 (dux/dy)2.

2.2. Results and discussion

The kinetic-theory predictions of Jenkins & Mancini (1987), applied both with
and without the equipartition assumption, and of Arnarson & Willits (1998) were
compared with molecular-dynamics simulations to assess the influence of various
assumptions. For simple shear, the system of governing equations obtained from
theory reduces to the granular energy balance(s), in which production due to shear is
balanced by dissipation due to inelastic collisions. For the case of the full Jenkins &
Mancini theory (i.e. including non-equipartition effects), the detailed form of the gov-
erning equations is contained in table 2. For each of the theories, analytical solutions
for the granular temperature(s) were obtained, which were then used to evaluate the
corresponding stress components. Over the wide parameter space examined, the trends
were found to be similar. As expected, the predictive ability of the Jenkins & Mancini
(1987) theory worsens considerably for lower overall solids fractions (∼0.1) since
the Maxwellian assumption precludes any kinetic contribution to the shear stress.
Hence, in order to compare the assumptions contained in the various theories better,
attention is paid to the parameter range in which predictions are expected to be most
valid. More specifically, only a few representative cases at larger volume fractions (in
which collisional contributions are important) are explicitly discussed below.

Figure 1 provides a comparison of the non-dimensional normal (figure 1a) and
shear (figure 1b) stress components as determined from molecular dynamics and
both kinetic theories for d1/d2 in the range of 1–4 (m1/m2 = 1–64). For this figure,
ρp1/ρp2 = 1, ν = 0.3, ν1/ν2 = 0.5, e = 0.95 and L/d1 = 4.45. In this and subsequent
diagrams, individual points represent the MD results and lines indicate kinetic theory
predictions. Although simulation results are shown for each of the normal components
(txx , tyy and tzz), the theoretical predictions are denoted by a single line since the
theories are based on the assumption txx = tyy = tzz.

An inspection of figure 1 reveals that the predictions of both theories capture the
qualitative nature of the simulation results. Namely, as the diameter ratio increases, the
normal and shear stress of both simulation and theory decrease. The stress predictions
of the Arnarson & Willits theory are slightly higher than the MD simulation results,
but in better agreement than the stress predictions of the Jenkins & Mancini theory
(with or without an assumption of equipartition of energy), which are considerably
lower than MD simulation results. For example, the shear stress predictions of the
Arnarson & Willits theory overpredict the results of MD simulations by 20 % at
d1/d2 = 4.0 and by 8.8 % at d1/d2 = 1.0. In contrast, the shear stress predictions of
the Jenkins & Mancini theory with equipartition of energy underpredict the results
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Granular energy balance: species 1

txy,1

dux

dy
= γ1

Granular energy balance: species 2

txy,2

dux

dy
= γ2

Relation arising from definitions

T ≡ 1

n1 + n2

(n1T1 + n2T2) and Ti ≡ T + θi:

n1θ1 + n2θ2 = 0

Constitutive relations

txy,i =
∑

k=A,B

txy,ik =
∑

k=A,B

− 2π

15
(1 + e)gikr

4
iknink

(
2mimk

πmik

)1/2 (
dux

dy

)
T 1/2

γi = 2(1 + e)gikr
2
ikninkT

1/2

{
2

(
2πmimk

mik

)1/2 (
θi − θk

mik

)

− mk

mik

(1 − e)

(
2πmik

mimk

)1/2 [
T +

3

2

(
miθk + mkθi

mik

)]}
Additional definitions

gik =
1

1 − v
+

6rirk

(ri + rk)

ξ

(1 − v)2
+ 8

(
rirk

ri + rk

)2
ξ 2

(1 − v)3

v = 4
3
π

(
n1r

3
1 + n2r

3
2

)
ξ = 2

3
π

(
n1r

2
1 + n2r

2
2

)
mik = mi + mk

rik = ri + rk

Table 2. Governing equations for simple shear flow based on kinetic theory of Jenkins &
Mancini (1987). For cases in which the equipartition assumption is imposed, θ1 = θ2 = 0.

of MD simulations by 51 % at d1/d2 = 4.0 and 59% at d1/d2 = 1.0. Analogous results
are obtained for cases in which ρp1/ρp2 is varied instead of d1/d2 (not shown for the
sake of brevity). Similar trends are also observed for the other solids fractions and
solids fraction ratios investigated, with few exceptions. (Specifically, at high solids
fractions and solid fraction ratios, the shear stress predictions of the Jenkins &
Mancini theory, without equipartition, become greater than those of the Arnarson &
Willits theory (figure not shown). This ‘crossover’ is more evident at lower coefficient
of restitutions (e = 0.80). Despite the presence of a crossover, the stress predictions
of the Arnarson & Willits theory still outperform those of the Jenkins & Mancini
theory.) These observations indicate that a non-Maxwellian velocity distribution is
critical for reliable stress predictions (as is consistent with Willits & Arnarson 1999).

One point of interest is that the stress predictions of the Jenkins & Mancini theory
with the assumption of equipartition of energy differ very little from the stress pre-
dictions without the assumption of equipartition of energy. Specifically, in figure 1(b),
the shear stress predictions of the Jenkins & Mancini theory with versus without the
equipartition assumption differ by a maximum of 3.4 % at the largest diameter ratio
investigated. At a limiting diameter ratio of 1.0 (monodisperse), no deviation exists
between the stress predictions obtained with or without an equipartition of energy.
The difference between the stress predictions (with versus without an equipartition
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Figure 1. Non-dimensional (a) normal and (b) shear stress components of a binary mixture
of smooth hard spheres engaged in simple shear flow. MD simulations (points) with txx

(squares), tyy (diamonds) and tzz (triangles); Arnarson & Willits (1998) predictions (thick
solid line); Jenkins & Mancini (1987) predictions with equipartition (dashed line) and without
equipartition (thin solid line). Relevant parameters: ρp1/ρp2 = 1.0, e = 0.95, L/d1 = 4.45, ν = 0.3,
ν1/ν2 = 0.5.

assumption) is more pronounced at lower coefficients of restitution (figure not
shown) and higher diameter ratios.

Despite the essentially negligible impact of a non-equipartition treatment on stress
predictions, a significant non-equipartition of energy is present. To demonstrate the
degree of non-equipartition, figure 2 displays the granular temperature ratio (T1/T2)
at two coefficients of restitution (e = 0.95 and e = 0.80) versus d1/d2 for three different
solid volume fractions ν1/ν2 = 4.0 (figure 2a), ν1/ν2 = 1.0 (figure 2b), and ν1/ν2 = 0.5
(figure 2c). In figure 2, ρp1/ρp2 = 1 and ν = 0.3 with L/d1 = 8.9 in subplots (a) and (b)
and L/d1 = 4.45 in subplot (c). (Although the diameter ratio is used as the abscissa,
the mass ratio could also be used, and in this case, an increasing diameter ratio
also implies an increasing mass ratio.) Evident in these diagrams is the disparity of
granular energy between the two species. The Jenkins & Mancini theory without
the equipartition-of-energy assumption is able to predict the non-equipartition in a
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Figure 2. Granular temperature ratio of species 1 to species 2 (T1/T2) at two coefficients of res-
titution for (a) ν1/ν2 = 4.0, (b) ν1/ν2 = 1.0 (c) ν1/ν2 = 0.5. MD simulations for e = 0.95 (squares)
and e =0.8 (diamonds); Jenkins and Mancini (1987) predictions without equipartition for
e =0.95 (solid line) and e =0.8 (dashed line). Relevant parameters: ρp1/ρp2 = 1.0, L/d1 = 4.45,
ν = 0.3.

qualitatively correct manner. Namely, the predicted granular temperature of species
1 is greater than that of species 2, and the difference in temperatures increases with
increasing diameter ratio (or mass ratio) and decreasing restitution coefficient. For
example, in figure 2(a), T1/T2 = 3.7 at e = 0.95 and T1/T2 = 13.5 at e =0.8, both at
d1/d2 = 4.0 (m1/m2 = 64). This trend is captured well by the Jenkins & Mancini theory.
From a quantitative standpoint, for a given overall solids fraction (ν), the predictions
of the Jenkins & Mancini theory are in very good agreement with MD simulation at
higher solids fraction ratio ν1/ν2 (figure 2a). As ν1/ν2 decreases, the level of accuracy is
seen to decrease (figures 2a–2c). For example, at d1/d2 = 2.0 (m1/m2 = 8) with e =0.8,
the predictions from the Jenkins & Mancini theory differ from MD simulations by
only 14 % at ν1/ν2 = 4.0, and by 72 % at ν1/ν2 = 0.5. Overall, the non-equipartition
treatment of Jenkins & Mancini is in fairly good agreement with MD simulations.

To summarize, a non-Maxwellian velocity distribution has been shown to be
important for accurate stress predictions (as was demonstrated by Willits & Arnarson
1999), whereas accounting for non-equipartition effects has relatively little impact.
Nonetheless, an equipartition of energy is not upheld away from the equal-mass
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(m1/m2 = 1.0) and elastic (e = 1.0) limits, as is predicted well by the non-equipartition
treatment of Jenkins & Mancini. In the following section, the impact of a non-
equipartition of energy is explored in the context of a more complex flow system.

3. Segregating flow system
For systems which are not characterized by a constant granular temperature across

the flow domain (unlike the simple shear-flow system), a segregation of particles
according to size and/or density may occur. The driving forces for such segregation
have been explored by previous investigators (and are outlined by Jenkins 1998). All
of these previous works, however, are based on kinetic-theory models in which an
equipartition of energy is assumed. In particular, Hsiau & Hunt (1996) used the later
Jenkins & Mancini theory (1989) to investigate the driving forces for segregation.
An examination of the equation governing segregation, namely the balance for the
diffusion velocity, revealed the following driving forces: external forces, pressure
gradient, species concentration gradient and granular temperature gradient. (Because
granular pressure is a function of both the species concentration and granular
temperature, the diffusion velocity equation can be expressed as a balance between
external forces and gradients in concentration and temperature only.) Furthermore, a
theoretical analysis of an oscillatory no-flow system and a sheared system indicated
that large or heavier particles tend to segregate toward regions of lower T . More
recently, Arnarson & Jenkins (2000) also analysed the diffusion velocity equation to
explore how RET and SET lead to different theories for segregation. They found
that the different theories lead to different coefficients for the species gradients, but
do not impact the coefficients of the pressure or temperature gradients. To assess the
ability of kinetic theories to predict size and density segregation in binary mixtures,
several workers have compared theoretical predictions with simulation data. Because
the systems investigated involve relatively small differences in particle masses, the
equipartition assumption is not significantly violated. For example, Louge et al.
(2001) examined the segregation of two binary systems in a microgravity shear cell.
The first system contained particles with d1/d2 ∼ 1.25, ρp1/ρp2 = 0.32 and e = 0.93
and the second system was represented by d1/d2 ∼ 1.24, ρp1/ρp2 = 1 and e =0.93.
The predictions obtained using a simplified kinetic theory targeted at particles
with small differences in masses and radii of the two species, compared well with
molecular-dynamics simulations, particularly for lower values of the overall solids
volume fraction. For the case of gravity-driven chute flow, Khakhar, McCarthy &
Ottino (1999) compared model predictions based on the Jenkins & Mancini (1989)
theory with discrete-particle simulations. Using temperature profiles obtained from
the simulation as input to the diffusion equation (instead of solving for temperature
field from kinetic theory), the agreement for equal-sized particles with ρp1/ρp2 = 2 and
e =0.9 was found to be good except near the boundary region. Similar observations
were made for a system of equal-density particles with d1/d2 ∼ 1.4 and e = 0.9.

As mentioned above, these previous investigations on segregation are all based
on an equipartition assumption. To determine the effects of a non-equipartition of
energy on the segregation phenomenon, the diffusion velocity equation, along with
constitutive relations accounting for a non-equipartition, is examined. For simplicity,
a three-dimensional binary system composed of species 1 and 2 is considered (though
the analysis is applicable to systems of arbitrary dimensions and number of species).
For such a system, the diffusion velocity equation is obtained by dividing each of the
species momentum balances, equation (2), by their respective mass densities (ρi), and
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then subtracting species balance 2 from that of 1:

∂

∂t
(v1 − v2) + (u1 · ∇)v1 − (u2 · ∇)v2 + (v1 · ∇)u − (v2 · ∇)u

= − 1

ρ1

∇ · t1 +
1

ρ2

∇ · t2 +
1

m1

F1 − 1

m2

F2 +
1

ρ1

φ1 − 1

ρ2

φ2. (4)

In this equation, vi is the diffusion velocity, defined as vi = ui – u, where u = Σρiui/Σρi

is the mass-averaged mixture velocity. (Note that for simple shear flow, this equation
is solved identically; hence, modifications to this equation do not impact the
corresponding stress predictions). Invoking the common assumption that the inertia
associated with diffusion and the nonlinear terms (vi · ∇)u are negligible, the above
equation is simplified to

0 = − 1

ρ1

∇ · t1 +
1

ρ2

∇ · t2 +
1

m1

F1 − 1

m2

F2 +
1

ρ1

φ1 − 1

ρ2

φ2. (5)

This form of the diffusion equation, which is identical to that used by the previous
investigators to analyse the segregation phenomenon (see, for example, Jenkins 1998;
Arnarson & Jenkins 2000), is now explored in the context of a non-equipartition of
energy. Specifically, the constitutive relations for ti and φi developed by Jenkins &
Mancini (1987) are considered. (Although the study by Jenkins & Mancini (1987)
does include a derivation of the diffusion equation, the analysis contained therein is
restricted to a simplified case in which the equipartition of energy is upheld.) The
quantity φi is found by Jenkins & Mancini (1987) to depend only on the mixture
temperature T and not on the species temperature Ti , whereas the stress tensor ti is
found to depend on both quantities:

φi = KikT

[(
mk − mi

mi + mk

)
∇ ln T + ∇ ln

ni

nk

+
4

ri + rk

(
2mimk

π(mi + mk)T

)1/2

(vk − vi)

]

for i �= k, (6)

ti = ni(T + θi)I +
∑
k=1,2

Kik

(
T +

miθk + mkθi

mi + mk

)
I, (7)

where ri refers to the radius of particle i; Kik are functions of the number density,
particle diameter, and restitution coefficient (as detailed in table 3); and θi = Ti – T

represents the deviation of the species temperature from the mixture temperature
(θi = 0 when equipartition is assumed). In determining (7), the diffusive and viscous
contributions to the stress tensor ti are assumed negligible, as was done in the previous
analyses (e.g. Jenkins & Mancini 1987; Jenkins 1998). To more clearly illustrate those
terms associated with non-equipartition effects, the above equation can be rewritten as

ti = Pi I + Pnew,i I, (8)

where

Pi =

(
ni +

∑
k=1,2

Kik

)
T (9)

is the species partial pressure obtained when an equipartition of energy is assumed, and

Pnew,i = niθi +
∑
k=1,2

Kik

(
miθk + mkθi

mi + mk

)
(10)



218 J. E. Galvin, S. R. Dahl and C. M. Hrenya

Lx

x

y

z

T
 =

 T
C

 (
co

ld
 w

al
l)

 

T
 =

 T
H

 (h
ot

 w
al

l)
 

  Ly

Lz

Figure 3. Segregating flow system.

represents the non-equipartition contribution to the species partial pressure.
Recognizing that φ1 = −φ2 and substituting (6) and (8)–(10) into (5) leads to

v1 − v2 = − n2

n1n2

D12d1, (11)

where n= n1 + n2, and the coefficient of ordinary diffusion D12 and the diffusion
force d1 are defined as

D12 =
n1n2

n

r1 + r2

K12

(
π

32

m1 + m2

m1m2

T

)1/2

, (12)

d1 =
1

ρnT
[ρ2∇P1 − ρ1∇P2] +

1

ρnT
[ρ2∇Pnew,1 − ρ1∇Pnew,2]

− ρ1ρ2

ρnT

[
F1

m1

− F2

m2

]
− K12

nT

(
m2 − m1

m1 + m2

)
∇T − K12

n

[
1

n1

∇n1 − 1

n2

∇n2

]
, (13)

where ρ = ρ1 + ρ2. Equations (11)–(13) illustrate the driving forces associated with
size and density segregation. Namely, when an equipartition-of-energy assumption
is made (i.e. Pnew,1 = Pnew,2 = 0), the second bracketed term on the right-hand side
of (13) vanishes. Correspondingly, the diffusion force is composed of driving forces
associated with ∇n1, ∇n2 and ∇T (recall P1 and P2 are functions of n1, n2 and T only;
see (9)). However, when the equipartition assumption is lifted, additional driving
forces associated with ∇θ1 and ∇θ2 arise from the Pnew,1 and Pnew,2 terms present in
(13). Additional terms associated with the ∇n1 and ∇n2 driving forces also arise since
Pnew,1and Pnew,2 are also functions of n1 and n2. The presence of such driving forces
has not been recognized in previous investigations on size and density segregation.

3.1. Computational approach

As in the simple shear flow study, this work employs three-dimensional hard-sphere
simulations of binary granular mixtures and treats the particles as frictionless inelastic
spheres engaging in instantaneous collisions. Unlike the simple shear flow simulation,
however, the segregating system is characterized by a granular temperature gradient,
which causes both bulk (overall) segregation and segregation of particles according
to size and/or density (species segregation). As portrayed in figure 3, the simulation
box is bounded on the left and right by motionless walls of constant, but unequal,
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granular temperatures. The four remaining sides of the simulation domain, namely
the upper and lower and the forward and backward boundaries, are standard periodic
conditions. No body forces are present, and hence the system is characterized by zero
mean flow.

As previously mentioned, the simulation is bounded in the x-direction by walls of
set temperature (Tset ). Particles colliding with a constant-temperature wall are given
a post-collision velocity that is consistent with Tset of the given wall. Specifically,
the post-collision speed is determined using the Box Muller method for generating
Gaussian distributions (Press et al. 1992):

c1 =

√
−4Tset

3mi

ln(z1) cos(2πz2), (14)

c2 =

√
−4Tset

3mi

ln(z3) cos(2πz4), (15)

c3 =

√
−4Tset

3mi

ln(z5) cos(2πz6), (16)

and

cpost =

√
c2
1 + c2

2 + c2
3, (17)

where z1 – z6 are random numbers uniformly distributed in the interval [0, 1] and cpost

is the post-collision speed of the particle. The post-collision trajectory of the particle
is determined based on the pre-collision trajectory of the particle. In particular,
the sign (+ or –) of the pre-collision component of particle velocity normal to the
wall is reversed after collision. The sign of the pre-collision components of particle
velocity parallel to the wall (in the y and z directions) may be unchanged or reversed
during a collision, determined by random multiplication with −1 or 1. This random
adjustment of the components of particle velocity in the directions parallel to the
constant-temperature wall is performed in order to avoid the appearance of persistent
net motion of particles (Luding, Strauss & McNamara 2000).

To help ensure that simulation results are not sensitive to the detailed form of
the boundary conditions, other schemes giving rise to constant-temperature walls
were also investigated. As an alternative, the post-collisional components of particle
velocity parallel to the wall (in the y and z directions) are determined directly by (14)
and (15), while the post-collisional component of particle velocity normal to the wall
is given by

cpost,x =

√
−4Tset

3mi

ln(z5) (18)

and the sign of this component is reversed after collision. The results arising from both
methods are nearly identical. In both of the aformentioned schemes, an equipartition
of energy is imposed at the walls. The effect of enforcing a non-equipartition at
the walls was also tested. This boundary condition only slightly alters the species
temperature in the near-wall region, and does not impact the flow profiles in the
domain interior. Hence, the simulations described here are based on the boundary
conditions described by (14)–(17).

Like the simple shear system, the particles are initially placed on a nearly cubic
lattice. Small random displacements move particles from their node positions, and
any existing overlaps are removed by making further random displacements in their
position. Unlike the simple shear system, temperature is not uniform throughout the
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domain and a granular temperature gradient does exist. As an initial estimate, particles
are assigned velocities from a Maxwellian distribution, consistent with their position
along an assumed linear temperature profile between the walls of set temperature.
The actual temperature profile that develops is not linear, but the linear assumption
provides a basis for the initial condition.

In this simulation, a time-stepped algorithm is used (as opposed to the event-
driven algorithm used earlier) for the purposes of improved computational efficiency.
Specifically, particle movement is achieved via a hard-particle/overlap technique
(Hopkins & Louge 1991). (Note that the simulation results were found to be insensitive
to the specific algorithm chosen.) The simulation proceeds by making a series of small
time steps, during which the particles are moved along their linear trajectories. After
each time step, collisions are detected by searching for overlaps between particles or
between a particle and a wall. If an overlap is detected, then the overlap is added
to a list of overlaps produced in the given time step. At the end of the time step,
the overlap list is inspected for overlaps in excess of 1% of either particle radius.
If an overlap in excess of this distance is detected, then the time step is considered
a failure and is reduced by 50 % whereby the new step is taken from the previous
point in time. After each successful time step, the collisions are resolved for particles
exhibiting overlap. In an effort to resolve the collisions in the correct sequence, the
particle–particle collisions and the particle–wall collisions are resolved from largest
overlap to smallest overlap. The maximum magnitude of any time step is restricted
to the time required for the fastest particle to move a distance equivalent to 40 %
of the smallest particles radius. The time step typically employed by the simulation,
however, is some fraction of the maximum allowed time step. Over the course of the
simulation, the time step is periodically readjusted for efficiency. (For further details,
see Dahl & Hrenya 2004)

The input parameters for this simulation are similar to those of the simple shear
system, except that the input parameter dux/dy (shear rate) is no longer relevant and
two additional input parameters exist: TC and TH , the set values of wall temperature
located at x/Lx = 0 and x/Lx = 1. To establish the temperature gradient, the walls
are set to different temperatures with the left-hand wall considered ‘cold’ (TC) and
the right-hand wall ‘hot’ (TH ). The dimensionless parameters that describe the system
include v, v1/v2, d1/d2,ρp1/ρp2, e, TH/TC , Lx/d1, Lz/Lx and Ly/Lx . The value of Lx/d1

employed in the simulations is about 15.6. Therefore, a typical simulation (when
v = 0.2 and Lz/Lx =Ly/Lx = 1) has a total number of particles (N ) ranging from
approximately 1500 to 3600 depending on the values of other simulation parameters
(d1/d2, v1/v2). For all simulations, the periodic domain lengths are set equivalently
(Ly = Lz). To ensure the simulation results are independent of domain length in the
periodic directions, the collected data should not change significantly as the periodic
domain lengths are increased. For Lx/d1 = 15.6, a value of Lz/Lx = Ly/Lx =1 ensures
such a criterion is met. Specifically, in representative simulations, doubling the values
of Lz/Lx and Ly/Lx changes the total solids fraction profile by less than 3 %. As a
result, the simulation domain is cubic (Lx =Ly = Lz) and the characteristic dimension
is hereinafter referred to as L.

A wide parameter space was explored in the context of two-dimensional simulations;
however, the focus here is on three dimensions in which a slightly more concentrated
parameter space was investigated. Namely, the solids volume fraction (v) was varied
between 0.1 and 0.3, the solids volume fraction ratio (v1/v2) was set at 1 or 4, the
diameter ratio (d1/d2) was varied between 1 and 4, the density ratio (ρp1/ρp2) was
varied between 0.007813 and 4 (m1/m2 from 1/16 to 32 for d1/d2 = 2), the temperature
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ratio (TH/TC) was set at 10, and the coefficient of restitution (e) was varied between
0.8 and 1. The remaining dimensional quantities, the mass of particle type 1 (m1) and
the domain length (L), were set to 1 for convenience. The outputs from the simulation
include lateral profiles of v, v1, v2, T1, T2 and T .

The simulation proceeds through time until 10 000–20 000 collisions per particle
(depending on v) occur before collecting data. At this point, the system has reached
a statistical steady state and data collection begins. While there is no bulk flow in
the simulation, animations of the system suggest that the local mass-average velocity
is non-zero in certain regions. Specifically, the system consists of a fairly dense band
of particles near the cold wall that is surrounded by a relatively dilute region. The
dense band exhibits a slight oscillatory motion in the lateral direction. This collective
motion of particles gives rise to a non-zero local velocity.

A determination of the local mass-average velocity is needed to evaluate the species
and mixture granular temperature (since the fluctuation velocity is defined relative
to a local mass-average velocity). One method to estimate the mass-average velocity
is via local spatial averaging (i.e. averaging over a ‘small’ region of the domain at
a given instant, as was done by Goldhirsch, Tan & Zanetti 1993). For the system
under consideration, however, local spatial averaging was found to be inadequate
since a ‘small’ averaging region in the dense region of the domain typically contains
a large number of one particle type (the more massive) and few of the other.
In the dilute regions, the same-sized region contains few of either particle type.
Although an increase in the size of the averaging region is a possible remedy, such an
increase was found to smear the lateral variations of interest. Consequently, localized
spatial-temporal averaging was pursued (similar to Conway & Glasser 2004). For
this averaging method, the characteristic time and length scales used for averaging
must be small enough to avoid smearing quantities, but large enough to achieve
meaningful averages. For example, a time scale that is too long leads to ‘steady-state’
values instead of local values (e.g. a zero value for the local mass-average velocity),
whereas a time scale that is too short is dominated by noise.

Spatial-temporal averaging was used to quantify all flow-field variables, and was
found to be critical in the determination of granular temperature ratio (T1/T2) since
the granular temperature is defined in terms of the local mass-average velocity.
The spatial portion of averaging is accomplished by dividing the domain into small
rectangular cells. The size of these cells are determined such that the collected data
does not change significantly with further grid resolution. Specifically, the width of
the cells is set slightly larger than the root-mean-cube diameter of the particles, and
the height and depth are set at twice this value. Doubling the number of divisions
causes noise to appear in the total solids fraction profiles. For representative three-
dimensional simulations, this grid resolution corresponds to 20 divisions between the
constant-temperature walls (x direction) and 10 divisions in both periodic directions
(y and z directions). The temporal portion of averaging is achieved by averaging
quantities in a given cell over a set number of collisions per particle. The number
of collisions per particle averaged over is important, and must be varied across the
domain since the characteristic time scale varies across the domain. Further details
are discussed in the following section.

During a given temporal averaging period, all flow-field variables are collected
at every time step in each spatial cell. After the given temporal period is complete
(the specified number of collisions per particle has come to pass), cell averages are
calculated and stored, and then the next temporal averaging period begins. Further-
more, the local mass-average velocity calculated during a temporal period is used to
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TC TH

Figure 4. Typical snapshot of a simulation consisting of a binary mixture of smooth hard
spheres in segregating flow. Relevant parameters: v = 0.2, v1/v2 = 4, d1/d2 = 2, ρp1/ρp2 =
2 (m1/m2 = 16), e =0.9, TH /TC = 10 and L/d1 = 15.6.

calculate the granular temperatures for that period. This process continues until at
least 10 000 total collisions per particle have occurred. At this point, the flow variables
are reported as a function of x/L by averaging over the boxes in both the y and z

directions for all the completed temporal periods.
The solids volume fractions (species and total) within each cell are determined by

including the volume of particles whose centre resides in the given data collection
region at the instant of measurement. The granular temperatures (species and mixture)
are determined similarly to the solids volume fractions. The granular temperatures
for each cell (at a given instant) are determined using

Tcell =

ncell∑
j=1

1
3
mjC

2
j,cell

ncell

, (19)

where ncell is the number of particles whose centres reside within the data collection
region, and Cj,cell is the magnitude of the fluctuating velocity of particle j relative to
the local mass-average velocities in the cell being considered. For the species granular
temperatures, only those associated with the given particle type are considered in
the summation, whereas for the mixture granular temperature both particle types are
considered.

A statistical steady state is ensured by monitoring both mixture granular tem-
peratures and particle locations (details are given in Dahl & Hrenya 2004).

3.2. Results and discussion

In an effort to gauge the influence of a non-equipartition of energy on species segre-
gation, molecular dynamic simulations of the system described in the previous section
were performed over a considerable parameter space. The results presented here are
from a few representative cases. A snapshot of a typical simulation is presented in
figure 4, in which d1/d2 = 2, and ρp1/ρp2 = 2 (m1/m2 = 16). Unless otherwise noted,
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Figure 5. Non-dimensional temperature profiles of a binary mixture of smooth hard spheres
in segregating flow. MD simulations for species 1 (diamonds), species 2 (squares), mixture
(thick solid line). Relevant parameters: v = 0.2, v1/v2 = 4, d1/d2 = 2, ρp1/ρp2 = 2 (m1/m2 = 16),
e =0.9, TH /TC = 10 and L/d1 = 15.6.

in this and subsequent diagrams, the simulation parameters are v =0.2, v1/v2 = 4,
e = 0.9, TH/TC = 10 and L/d1 = 15.6. In the following paragraphs, the effect of
input parameters on segregation behaviour is overviewed and then followed by an
assessment of the relative importance of the various driving forces associated with
species segregation.

In the current system, the granular temperature gradient between the two walls
drives the segregation process. The resulting dimensionless temperature profiles for
the mixture and each particle type are shown in figure 5. All three profiles (T/TC ,
T1/TC and T2/TC) demonstrate nonlinear behaviour between the walls and exhibit a
global minimum near the cold wall at x/L ∼ 0.23. The inelasticity of particle collisions
(e < 1) serves to dissipate granular energy, which in turn, gives rise to temperatures
in the interior of the domain that are less than that of either wall. If the temperature
ratio (TH/TC) is set to 1, then the global minimum is located at x/L ∼ 0.5.

A close examination of the dimensionless temperature profile reveals that the
observed value of TH/TC of 9.9 is different from the set value of TH/TC of 10. This
deviation is explained by a consideration of how wall temperatures are measured.
Namely, the particles in the near-wall region that have already collided with the
wall will depart with a granular temperature that, on average, is equal to the set
temperature of the wall. However, the particles that are approaching the wall, but
have not yet collided, will generally have a smaller granular temperature than the
wall (since both walls act as local sources of granular energy). Since the measured
granular temperature of the near-wall region includes both departing and approach
particles, its value is lower than the set wall temperature.

Under the influence of a granular temperature gradient, the particles display both
overall segregation and species segregation. The qualitative nature of this segregation
is apparent from the system snapshot shown in figure 4. Evident in the diagram is
species segregation. Namely, the larger (more massive) particles tend to concentrate
in the coolest region of the domain. The overall segregation exhibited by the system
is less apparent owing to the three-dimensional rendering (particles closest to the
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TC TH

Figure 6. A thin slice of a snapshot in the xy-plane at z/L = 0.5. Relevant parameters:
v = 0.2, v1/v2 = 4, d1/d2 = 2, ρp1/ρp2 = 2 (m1/m2 = 16), e = 0.9, TH /TC =10 and L/d1 = 15.6.
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Figure 7. Non-dimensional solids volume fraction profiles of a binary mixture of smooth
hard spheres in segregating flow. MD simulations for species 1 (diamonds), species 2 (squares),
mixture (thick solid line). Relevant parameters: v = 0.2, v1/v2 = 4, d1/d2 = 2, ρp1/ρp2 = 2
(m1/m2 = 16), e = 0.9, TH /TC = 10 and L/d1 = 15.6.

viewer can conceal voids and/or particles behind them). To illustrate the degree of
overall segregation better, a thin slice of the system in the (x, y)-plane at z = 0.5 is
also displayed in figure 6.

A quantitative measure of segregation is provided by examining profiles of local
solids volume fraction normalized by the solids volume fraction expected if the
particles were homogeneously distributed. More specifically, a ratio > 1 indicates a
‘particle-rich’ region and a ratio < 1 indicates a ‘particle-deplete’ region, both relative
to a uniformly distributed mixture. The corresponding ratios for total solids fraction
(v/vh) and the species solids fractions (v1/v1h and v2/v2h) are displayed in figure 7 as a
function of the position between the cold and hot walls (x/L = 0 and 1, respectively).
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Figure 8. Granular temperature ratio of species 1 to species 2 (T1/T2). Relevant parameters:
v = 0.2, v1/v2 = 4, d1/d2 = 2, ρp1/ρp2 = 2 (m1/m2 = 16), e = 0.9, TH /TC = 10 and L/d1 = 15.6.

The v/vh profile shows the level of overall segregation in the system. An examination
of this profile reveals that the particle concentration is highest in the region x/L ∼ 0.23,
where the granular temperature is at a minimum. Correspondingly, the overall particle
concentration is fairly dilute in regions of high granular temperature (x/L > 0.6).
Furthermore, the more massive particles have a greater affinity for the cool region
than the less massive particles (i.e. species segregation). For example, the solids
fraction of the massive particles is three times greater than would be expected
in a homogenous mixture at x/L =0.23 (near the cold wall), but 0.17 times less
than would be expected at x/L = 0.83 (near the hot wall). In contrast, the solids
fraction of the less massive particles demonstrates a minimum at x/L = 0.23 and then
slowly decreases after x/L = 0.48. These observations are in agreement with previous
theoretical investigations into thermal diffusion (Hsiau & Hunt 1996; Arnarson &
Willits 1998; Louge et al. 2000). (The dependencies of overall and species segregation
on various input parameters have also been collected during the investigation, but
are not included for the sake of brevity.)

Of particular interest in the context of the current investigation is the level of
non-equipartition of energy and the relative magnitude of the corresponding non-
equipartition driving forces. A close inspection of figure 5 reveals a small disparity in
the species granular temperatures. To depict the degree of non-equipartition better,
figure 8 displays the granular temperature ratio (T1/T2) as a function of x/L. Non-
equipartition is greatest near the cold wall, specifically in the region around x/L =0.23
where T1/T2 = 2.3.

Atypical non-equipartition, namely T1/T2 < 1, is also found to occur at x/L ∼ 0.43,
which implies that the more massive particle has less granular energy than its lighter
counterpart. Although non-equipartition of energy has been observed in numerous
theoretical (Garzó & Dufty 1999; Barrat & Trizac 2002; Montanero & Garzó 2003),
simulation (Clelland & Hrenya 2002; Dahl et al. 2002; Alam & Luding 2003; Paolotti
et al. 2003) and experimental (Wildman & Parker 2002; Feitosa & Menon 2002)
studies, the more massive particle is found to have the greater granular temperature
with few exceptions. The theoretical investigation by Barrat & Trizac (2002) considers
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the temperature ratio in a non-equilibrium steady state sustained via a stochastic
thermostat. They observe T1/T2 to be slightly less than 1 for m1/m2 > 1, but in this
case the more massive particle is also more dissipative (e11 <e12 < e22). Feistosa &
Menon (2002) report temperature ratios for pairs of different types of grain vibrated
in two dimensions. They also observe T1/T2 to be slightly less than 1 for m1/m2

slightly greater than 1 (aluminium/glass grains) at two different squared vibration
velocities, though the error bars overlap with the line T1/T2 = 1.

A plausible explanation for the unexpected non-equipartition in the current
segregating system stems from the likely prior location of particles diffusing to that
region. The more massive species are generally concentrated within the dense region
of the domain, and the less massive species are more prevalent throughout the dilute
region. Furthermore, those particles in the dilute region move freely and possess a
higher granular temperature than those in the dense region. A more massive particle
leaving the dense region into the dilute region is likely to be involved in collisions
with less massive but energetic particles from the dilute region. Consequently, in this
region of the domain, the less massive species will have a higher granular temperature
than the more massive species. As the more massive particle advances further into the
dilute region, subsequent collisions distribute the energy more evenly between species.

The effect of varying input parameters (e, v, m1/m2, v1/v2, d1/d2) on non-equi-
partition was examined over various parameter spaces. Non-equipartition becomes
more prominent with decreasing restitution coefficient, increasing mass disparity and
increasing solids volume fraction. Such findings are in agreement with other studies
(e.g. Clelland & Hrenya 2002; Alam & Luding 2003) as well as with the simple
shear-flow results presented herein. Non-equipartition was also seen to vary with
volume fraction ratio, though the behaviour depends on the mass ratio. For systems
with m1/m2 > 1, non-equipartition decreases with increasing solids volume fraction
ratio, while for m1/m2 < 1, non-equipartition increases with increasing solids volume
fraction ratio. For m1 = m2, no significant non-equipartition is observed. The effect
of size ratio (d1/d2 = 1–4) on non-equipartition was also inspected at two different
mass ratios (m1/m2 = 1 and m1/m2 = 4). For m1/m2 = 4, no general trends in non-
equipartition are observed with increasing diameter ratio. For m1/m2 = 1, an increase
in diameter ratio corresponds to a slight increase in non-equipartition; however, the
magnitude of non-equipartition is small in this case (as is consistent with findings of
Alam & Luding 2003).

Since the presence of non-equipartition of energy in the segregating system has
been established, an examination of the non-equipartition driving forces and their
magnitude relative to previously identified driving forces (refer to equation (13)) is
warranted. To accomplish this task, the lateral profiles in species number densities (n1

and n2), mixture temperature (T ) and species temperatures (T1 and T2) are obtained
from the simulations along with their gradients. The gradients are determined using
a second-order centre-difference approximation for the interior grid points and first-
order forward- and backward-difference approximations for the wall grid points. The
resulting profiles for the flow-field variables and their gradients are then used to
approximate the magnitude of each of the driving forces that appear in the diffusion
velocity equation (equation (13)). Specifically, each driving force is approximated
using the kinetic theory developed by Jenkins & Mancini (1987) (see table 3 for
application of Jenkins & Mancini (1987) theory to the system under investigation).
This analysis serves as a gauge of the relative magnitude of each of the driving forces
since a more complete theory (e.g. non-equipartition, non-Maxwellian and RET) is
unavailable.
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Granular energy balance: species 1 and species 2

∂Q1

∂x
= γ1

∂Q2

∂x
= γ2

Mixture momentum balance

∂txx

∂x
= 0

Diffusion velocity balance

0 = − n2

n1n2

D12d1 = − n2

n1n2

D12

×
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∂Pnew,2

∂x
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∂n1

∂x
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∂n2

∂x
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∂T
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]

Constitutive relations
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∑
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Additional definitions (see table 2 also)

CP1 =
ρ2

ρnT
, CP2 = − ρ1

ρnT
, Cn1 = −K12

n1n
, Cn2 =

K12

n2n
, CT = −K12

nT

(
m2 − m1

m12

)
Kik =

π

3
gikriknink(1 + e)

Dik =
nink

n

rik

Kik

(
π

32

mik

mimk

T

)1/2

Table 3. Governing equations for segregating flow based on kinetic theory of Jenkins &
Mancini (1987). For cases in which the equipartition assumption is imposed, θ1 = θ2 = 0.

The spatial variation of the various driving forces is shown in figure 9 for
v =0.2, v1/v2 = 4, d1/d2 = 2, ρp1/ρp2 = 2, e = 0.9, TH/TC = 10 and L/d1 = 15.6 (the
same parameters as in figures 4–8). An inspection reveals that the larger of the
two non-equipartition driving forces is that associated with the less massive species
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Figure 9. Driving forces determined from MD simulations in conjunction with Jenkins &
Mancini (1987) theory that are associated with the segregation of a binary mixture of
smooth hard spheres. Equipartition driving forces corresponding to CP1∇P1 (thin dashed
line), CP2∇P2 (thick dashed line), Cn1∇n1 (squares), Cn2∇n2 (triangles), and CT ∇T (diamonds).
Non-equipartition driving forces corresponding to CP1∇Pnew,1 (thin solid line) and CP2∇Pnew,2

(thick solid line). Relevant parameters: v = 0.2, v1/v2 = 4, d1/d2 = 2, ρp1/ρp2 = 2 (m1/m2 = 16),
e = 0.9, TH /TC = 10 and L/d1 = 15.6.

(CP 2∇Pnew,2). In addition, this non-equipartition driving force (CP2∇Pnew,2) is of similar
magnitude to the largest remaining driving forces. For example, the maximum
magnitude of CP2∇Pnew,2 (CP2∇Pnew,2 = 8.8 at x/L =0.13) is 59 % as great as the
maximum magnitude of the driving force associated with the pressure gradient of
species 2 (CP 2∇P2 = 14.8 at x/L = 0.13), which is the largest driving force in this
system. Furthermore, the maximum magnitude in CP2∇Pnew,2 is 91 % as great as the
maximum magnitude of the driving force associated with the mixture temperature
gradient (CT ∇T = 9.7 at x/L =0.13), which is the next largest driving force. Note that
as the level of non-equipartition decreases (T1/T2 → 1) the non-equipartition driving
forces decrease relative to the other driving forces (figure not shown). (Recall that the
temperature ratio approaches unity as the restitution coefficient increases or as the
mass ratio nears unity.)

As mentioned earlier, the value of the time scale (number of collisions per particle
averaged over in a given cell) used in spatial-temporal averaging is important in the
determination of granular temperature and thus the temperature ratio (figure 8). For
a given simulation, the time scale used for averaging was varied across the domain
based on two criteria. The first criterion requires that the time scale is great enough
so, on average, at least 10 ‘unique’ measurements associated with each species in
a given cell are made. Since a measurement is made at every time step, a unique
measurement refers to a particle that has been involved in a collision or a particle
that has entered the cell during a temporal period (as opposed to a particle that has
an identical velocity between consecutive time steps in the same cell). The second
criterion requires that the time scale is small enough to capture ‘instantaneous’ (local
in time) behaviour as opposed to averaging over these variations. The latter criterion
is achieved by first monitoring the local mass average velocity per cell over the course
of the simulation for various time scales at various x/L. Based on the examination, an
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appropriate time scale is chosen for the corresponding region to ensure a meaningful
(noise-reduced) and local (non-smeared) average. As a result, several different time
scales are required in the x-direction. In general, the cool region of the domain
(x/L < ∼ 0.4) and the hot region of the domain (x/L > ∼ 0.6) necessitate a short and
long time scale, respectively. The portion of the domain between these two regions
calls for the use of several intermediate time scales. (Specifically, four time scales are
used between x/L = 0.4 and 0.6).

This analysis was implemented for simulation parameters corresponding to those
in figures 5–9. The associated time scales for this particular simulation are as
follows: 5 collisions/particle for x/L from 0.0 to 0.4 (cool region); 10, 25, 50 and
100 collisions/particle for x/L from 0.4 to 0.45, 0.45 to 0.5, 0.5 to 0.55 and 0.55 to
0.6 (intermediate region), respectively; and 1000 collisions/particle for x/L from 0.6
to 1.0 (hot region) owing to the extremely small number of massive particles in this
region.

Several items are worth mentioning at this point. Over a limited region of the
domain, the temperature profiles are sensitive to the value of the time scale, whereas
the particle concentration profiles are not sensitive to the time scale anywhere in
the domain. Specifically, the effects of the time scale on the temperature profiles
are most noticeable when short time scales are employed over the hot region of the
domain (x/L > ∼0.6). In this case, the temperature of the more massive species suffers
from lack of measurements as the number of massive particles radically decreases
immediately outside the concentrated region and in the direction of the hot wall.
Consequently, the temperature of the more massive species begins to decrease and
correspondingly the temperature ratio decreases below unity (where, in this instance,
the ratio refers to the massive species temperature over the light species temperature).
From a physical standpoint a long time scale is appropriate in the dilute region of the
domain since local, collective behaviour is not apparent (as it is in the dense region).
In comparison to the hot region of the domain, the averaging results in the cool
region are not as sensitive to the value of the time scale. Furthermore, in the cool
region of the domain the first criterion (10 unique measurements) is readily obtained
with short time scales. In addition, using long time scales in this region has only
a slight effect on the temperature ratio profile. Specifically, an increase in the time
scale (equivalently, the local mass-average velocity approaches zero) corresponds to a
small decrease in the maximum of the temperature ratio profile (at x/L ∼ 0.23). For
example, for a time scale of 5 and 100 collisions per particle the maximum value in
the T1/T2 profile reduces from 2.3 to 2.0, respectively.

A careful time-scale analysis was pursued to ensure the validity of two major
findings: the relative magnitude of the driving forces and the atypical non-
equipartition behaviour. Since the driving forces are most significant in the cool
region of the domain (figure 9), it is important to have an accurate measurement of
the flow parameters in this region. As just noted, however, the temperature profiles
are only mildly sensitive to the time scale in this region of the domain. Furthermore,
the concentration profiles are insensitive to the time scale. As a result, the exact value
of the time scale used for averaging does not affect the observations concerning the
relative magnitude of the driving forces. The effect of the time scale on the atypical
behaviour of the temperature ratio profile, namely T1/T2 < 1 for m1/m2 > 1, was also
investigated. The analysis indicates that the T1/T2 < 1 in the region 0.38 <x/L< 0.60
is essentially insensitive to the time scale. However, if the chosen time scale in the
region x/L > 0.6 is made unrealistically small, then the T1/T2 ratio will not return to
a value greater than unity.
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4. Summary
Of the three differences common to kinetic theories of mixtures (and specifically

those theories which are based on an assumed form of the velocity distribution),
the need to include a non-Maxwellian velocity distribution is well established. As
part of the current work, the implications of an equipartition-of-energy assumption
have been further explored. Although a significant non-equipartition between unlike
particle types is often present, invoking the equipartition assumption does not appear
to have detrimental effects on the prediction of the stress tensor in simple shear flow.
Nevertheless, for a more complex system in which size and/or density segregation may
occur, an analysis of the diffusion-velocity equation (as derived from the Jenkins &
Mancini (1987) theory) reveals that non-equipartition leads to additional driving
forces for segregation involving ∇θ1 and ∇θ2 (where θ refers to the difference between
species and mixture temperatures; i.e. level of non-equipartition). Molecular-dynamics
simulations were used in conjunction with the kinetic theory of Jenkins & Mancini
(1987) to estimate the relative magnitude of all driving forces. The results indicate
that at least one of the two non-equipartition driving forces is comparable to the
largest of the other driving forces present in systems characterized by moderate
values of mass ratios and restitution coefficients. Note that this analysis serves as
a gauge of the relative magnitude of the driving forces. A better estimate would
require a theory that incorporates non-equipartition of energy, a non-Maxwellian
velocity distribution, and RET; no such theory, however, is currently available. A
similar finding on differences arising from SET versus RET treatments has also been
documented. Namely, previous investigators (Arnarson & Jenkins 2000) have shown
how the different treatments lead to a different diffusion force, though the impact
of such differences on realistic situations has yet to be ascertained. Moreover, a
more rigorous estimate of the influence of non-equipartition on segregation would be
possible via a kinetic theory based on a systematic solution of the Enskog equation
(i.e. one in which an assumed form of the velocity distribution is not required). Again,
however, no such theory is currently available. Collectively, these results point to the
need for a more elaborate theory that includes non-equipartition effects in order to
improve the analysis of segregating systems.

From a practical standpoint, the implications of non-equipartition effects go beyond
the added level of complexity of the constitutive relations. In particular, because the
inclusion of non-equipartition effects mandates a multi-temperature theory (whereas
the equipartition assumption leads to a single-temperature theory), the number of
governing equations is larger than in the equipartition counterpart. Accordingly,
the computational overhead associated with the numerical solution of the governing
equations is higher for the system described according to a non-equipartition of energy.
For complex systems, such as three-dimensional dynamical flows, the difference in
computational requirements can be substantial. This difference becomes even greater
as the number of unlike species increases (since N species energy balances are required
for N species). An optimum theory is one capable of providing sufficiently accurate
predictions without unnecessary complexities. Accordingly, a theory incorporating
non-equipartition of energy seems unnecessary for simple shear flow. However, for
more complicated flows (i.e. segregating flows), the results discussed herein point to
the need of theoretical models that allow for a non-equipartition of granular energy.
An equipartition model is probably sufficient for systems that are nearly elastic or
have small mass disparities, otherwise, a non-equipartition model is required.

Finally, an unexpected behaviour has been noted with regard to the temperature
ratio in the segregating system. Specifically, within a limited region of the domain, the
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less massive species possesses a higher granular temperature than the more massive
species. A plausible rationalization for this behaviour is based on the granular
temperature in the region from which the majority of particles are diffusing. In
particular, in the transitional zone between the dilute and dense regions, the majority
of massive particles are expected to diffuse from the lower-temperature dense region,
whereas the majority of lighter particles are expected to diffuse from the higher-
temperature dilute region.
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